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Abstract
We study the graceful exit problem and the role of the stress-energy-
momentum tensors in the two-dimensional string cosmology. The one-loop
quantum correction of conformal fields is incorporated in the arbitrary large
N limit to ensure exact quantum solvability. The only solution which gives
the bounded curvature with the asymptotic flatness is restricted to the first
branch under some conditions. However, even in this case, the accelerating
expansion is forever. We show that the only nonvanishing quantum stress-
momentum tensor is the pressure part(Txx) which is of relevance to the dy-
namical evolution of the universe in the comoving coordinate. The quantum
energy part is zero since the negative contribution of the induced conformal
matters always cancels the positive quantity of the induced dilaton part in
terms of the constraint equation.
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Recently, there has been much interests in the graceful exit problem [1] of the string
inflationary cosmology [2] with the scale factor duality [3]. The essential problem is due
to the curvature singularity arising from the classical cosmological solutions of low-energy
string theory. On the other hand, in the four-dimensional Einstein gravity with the loop
effect which is regarded as Einstein frame of string theory [4], some cosmological singularity
problems have been studied in terms of the quantum back reaction of space time [5,6].
Further, the quantum tunneling with the finite probability between the classically distinct
phases corresponding to the pre(accelerated) and post(decelerating) big bang can be possible
in the low energy string background [7]. This fact may solve the graceful exit problem of
the string cosmology.
The exactly soluble Callan-Gidding-Harvey-Strominger(CGHS) model [8,9], which has
been successful to deal with the two-dimensional black holes, has been recently investigated
by Rey [10] to show whether or not the branch-changing phase transition appears in the
two-dimensional string cosmology. This model was also extended to the generalized two-
dimensional dilaton gravity model by Gasperini and Veneziano [11]. The quantum back-
reacted solution of the first branch (second branch) with the bounded curvature scalar has
been defined within the whole comoving time from the past infinity to the future infinity, so
that the second branch (first branch) effectively disappear instead of connecting two distinct
branches.
On the other hand, this model has the negative anomaly coefficient which corresponds
to the negative Hawking radiation and the number of conformal matter fields are restricted
to less than 24. Thus it is natural to study the CGHS model in the manner to take the
arbitrary large positive number of matter fields to take good approximation within the one-
loop vacuum polarization of the conformal matter fields [13]. Very recently, Bose and Kar [14]
suggest the way how to overcome the limit of N by adding a local covariant counter-term
and the exact scale factor is obtained.
In this paper, we reconsider the graceful exit problem in the two-dimensional string cos-
mology with the slightly generalized counter-terms containing the local term of Ref. [14]
2
and mainly study the role of the stress-momentum tensors induced by the quantum correc-
tions. The only solution which gives the bounded curvature with the asymptotic flatness is
restricted to the first branch. However, even in this case, the decelerating phase does not
appear although the solution has asymptotic flatness. We show that the only nonvanishing
quantum stress-energy-momentum tensor is the pressure part(Txx) which is of relevance to
the dynamical evolution of the universe in the comoving coordinate. The total quantum-
mechanical energy is zero since the negative contribution of the induced conformal matters
always cancels the positive quantity of the induced dilaton part in terms of constraint equa-
tion.
Let us now consider the two-dimensional low-energy string theory given by
SDG =
1
2pi
∫
d2x
√−g e−2φ
[
R + 4(∇φ)2 + 4λ2
]
, (1)
where φ is a dilaton field, and the cosmological constant λ2 sets to zero in that we are now
considering dimensionally reduced low-energy string theory from the critical dimensions.
The action for the classical and quantum matter are written in the form of
SCl = −
1
2pi
∫
d2x
√−g 1
2
N∑
i=1
(∇fi)2, (2)
SQt =
κ
2pi
∫
d2x
√−g
[
−1
4
R
1
✷
R + q (∇φ)2 − γ
2
φR
]
, (3)
where κ = N−24
12
. In Eq. (3), the first term is induced matter part and the second and third
represents induced dilaton part. And q and γ simply denoted as (q, γ) are constants which
will be chosen in later for exact solvability. For (2, 6), the model was already treated by Bose
and Kar in Ref. [14] and for (0, 1) it is just the RST model which corresponds to the Rey’s
model in the cosmology. For (1, 2), it is a black hole model in Ref. [15]. For an arbitrary
large N (N > 24), we assume that the anomaly coefficient κ is finite [14]. The nonlocal
form of the action (3) is written as by introducing an auxiliary field ψ for later convenience,
SQt =
κ
2pi
∫
d2x
√−g
[
1
4
Rψ − 1
16
(∇ψ)2 + q (∇φ)2 − γ
2
φR
]
. (4)
The effective total action is
3
ST = SDG + SM, (5)
where the matter part is composed of two pieces of SM = SCl+SQt. The equations of motion
and the constraint equations for this action (5) are
Gµν = T
M
µν (6)
where
Gµν =
2pi√−g
δSDG
δgµν
= e−2φ
[
2∇µ∇νφ+ 2gµν
(
(∇φ)2 − ✷φ
) ]
, (7)
TMµν = −
2pi√−g
δSM
δgµν
=
1
2
N∑
i=1
[
∇µfi∇νfi −
1
2
(∇fi)2
]
+
κ
4
[
∇µ∇νψ +
1
4
∇µψ∇νψ − gµν
(
✷ψ +
1
8
(∇ψ)2
)]
−γκ
2
[
∇µ∇νφ− gµν✷φ
]
− qκ
[
∇µφ∇νφ−
1
2
gµν(∇φ)2
]
, (8)
and the other equations of motion for φ, fi, and ψ are given by
e−2φ
[
R + 4✷φ− 4(∇φ)2
]
= −γκ
4
R− qκ✷φ, (9)
✷fi = 0, (10)
✷ψ = −2R. (11)
In the conformal gauge, g±∓ = −12e2ρ, g±± = 0, the total action and the constraints are
given by
ST =
1
pi
∫
d2x
{
e−2φ [2∂+∂−ρ− 4∂+φ∂−φ]− κ
[
∂+ρ∂−ρ+ γφ∂+∂−ρ
+q∂+φ∂−φ
]
+
1
2
∑
i
∂+fi∂−fi
}
(12)
and
e−2φ
[
4∂±ρ∂±φ− 2∂2±φ
]
+
1
2
N∑
i=1
(∂±f)
2 + κ
[
∂2±ρ− (∂±ρ)2
]
−γκ
2
(
∂2±φ− 2∂±ρ∂±φ
)
− qκ (∂±φ)2 − κt± = 0, (13)
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where t± reflects the nonlocality of the induced gravity of the conformal anomaly [16]and we
set q = γ − 1 to make the equations exactly solvable. Without the classical matter, fi = 0,
defining new fields as follows [16–18],
Ω = −κ
2
(γ − 2)φ+ e−2φ, (14)
χ = κρ− γκ
2
φ+ e−2φ, (15)
the gauge fixed action is obtained in the simple form of
ST =
1
pi
∫
d2x
[
1
κ
∂+Ω∂−Ω−
1
κ
∂+χ∂−χ +
1
2
N∑
i=1
∂+fi∂−fi
]
(16)
and the equations of motion and the constraints are given by
∂+∂−Ω = ∂+∂−χ = 0, (17)
G±± − TM±± = −
1
κ
(∂±Ω)
2 +
1
κ
(∂±χ)
2 − ∂2±χ−
1
2
N∑
i=1
(∇fi)2 + κt±
= 0. (18)
In the homogeneous condition of fields, we obtain equations of motion in the simple
forms of
χ¨(t) = Ω¨(t) = 0, (19)
and they yield solutions,
χ = κρ− γκ
2
φ+ e−2φ = χ0t + A, (20)
Ω =
κ
2
(2− γ)φ+ e−2φ = Ω0t+B, (21)
where χ0, Ω0, A, and B are constants. The constraint (18) becomes, by using the solutions
(20) and (21),
κt± −
1
4κ
(Ω0 − χ0) (Ω0 + χ0) = 0. (22)
Choosing the quantum matter state as vacuum, t± = 0, the first branch which corresponds
to the case with Ω0 = χ0 ≡ −M(< 0) and A = B = 0 is obtained [10].
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At this juncture, let us study the boundedness of the scalar curvature which is given by
R = 2e−2ρρ¨(t)
=M2e−2ρe−2φ
[
e−2φ +
κ
4
(γ − 2)
]−3
, (23)
in terms of the explicit solutions (20) and (21). It is natural to confine the constant as γ > 2
to avoid the singularity of the curvature. If γ < 2, κ should be negative [12]. The solution
(20) and (21) belongs to the two branches depending on the parameters. Note that as far as
we are concerned with the first branch solution, the accelerating expansion is only possible
since without any assumption, the curvature is positive definite a¨ > 0 in the whole range of
the conformal time (or comoving time) in our case. In fact, even for the negative κ which
corresponds to Rey’s model, there is no decelerating phase [12].
On the other hand, we are concerned with the stress-energy-momentum tensors obtained
from (8),
TM±± = κ
[
∂2±ρ− (∂±ρ)2 − t±(x±)
]
− γκ
2
[
∂2±φ− 2∂±ρ∂±φ
]
− κ(γ − 1)(∂±φ)2, (24)
TM+− = −κ∂+∂−ρ+
γκ
2
∂+∂−φ. (25)
By using the relation, ρ(t) = ln a(τ) with dt = dτ/a(τ), one can perform the coordinate
transformation to the comoving time, and then Eqs. (24) and (25) are
TMττ (τ) = 0, (26)
TMτx(τ) = 0, (27)
TMxx(τ) = −
2M2
[
Mτ +
√
(Mτ)2 + 4κ(γ − 2)
]
[(Mτ)2 + 4κ(γ − 2)]32
. (28)
Note that the energy TMττ and the momentum T
M
τx vanish and T
M
xx has a negative definite. As
a result, the induced energy-momentum tensors are zero at anytime while the stress part
which corresponds to the pressure of the prefect fluid has a time-dependent negative value.
This fact seems to be unusual and we clarify in detail in the followings.
From now on, we choose comoving coordinates on the purpose of directly computing
the stress-energy-momentum tensors instead of transforming from the results in the confor-
mal gauge to the comoving coordinates. The energy-momentum tensors are not true tensor
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generically in the general coordinate transformation, for example, for the conformal trans-
formation in the black hole geometry [16]. So we now calculate the expectation value of the
stress-energy-momentum tensors from the beginning in the comoving coordinates given by
ds2 = −dτ 2 + a2(τ)dx2. (29)
Then the classical dilaton gravity part Gµν is written as
Gττ (τ) = 2e
−2φ
[
φ˙2 − a˙
a
φ˙
]
, (30)
Gτx(τ) = 0, (31)
Gxx(τ) = 2a
2e−2φ
[
φ¨− φ˙2
]
, (32)
and the stress-energy-momentum tensors are, respectively,
TMττ (τ) =
1
4
N∑
i=1
f˙ 2i −
κ
2
(
a˙
a
)2
+
γκ
2
a˙
a
φ˙− 1
2
qκφ˙2 − κtττ , (33)
TMτx(τ) = 0, (34)
TMxx(τ) = a
2
{
1
4
N∑
i=1
f˙ 2i + κ
[
a¨
a
− 1
2
(
a˙
a
)2]
− γκ
2
φ¨− 1
2
qκφ˙2
}
− κtxx, (35)
where the overdots denote the differentiation with respect to the comoving time τ . The Eqs.
(9), (10), and (11) are written in the form of
e−2φ
(
2a¨
a
+ 4φ˙2 − 4φ¨− 4 a˙
a
φ˙
)
= −γκ
2
a¨
a
+ qκ
(
φ¨+
a˙
a
φ˙
)
, (36)
f¨i +
a˙
a
f˙i = 0, (37)
ψ¨ +
a˙
a
ψ˙ = 4
a¨
a
. (38)
By eliminating the auxiliary field ψ˙, the integration ambiguities tττ (τ) and txx(τ) were
obtained as a2κtττ = κtxx = − κ32C2, where C is an arbitrary constant. Thus tττ and txx
reflect the nonlocality of the effective action. To find an exact solution, we set fi = 0,
q = γ − 1, and C = 0. The constraint equation Gττ − TMττ = 0 from Eqs. (30) and (33) is
neatly expressed as
Gττ − TMττ = −(φ˙ −
a˙
a
)
[
−2φ˙e−2φ + κ
(
1 + γ
2
φ˙+
1
2
a˙
a
)]
= 0, (39)
7
and we choose φ˙ = a˙
a
, corresponding to the first branch in Ref. [10,14]. Then note that
TMττ (τ) is zero as far as we are concerned with the first branch, which is easily shown by
Eq. (33). On the other hand, the dynamical equation of motion from Eqs. (32) and (35) is
Gxx − TMxx = 0, (40)
which yields
κ
2
(
γ
2
− 1
)
a(τ)− 1
a(τ)
= ατ + β, (41)
where Gxx = 2
[
a¨
a
− 2
(
a˙
a
)2]
and TMxx = −κ2 (γ − 2)aa¨ in terms of scalar factor. Note that if
α is fixed as 1
2
M and the integration constant β is zero, then TMττ (τ) and T
M
xx(τ) are exactly
given by Eqs. (26) and (28). From the above solution (41), the scale factor and the curvature
are given by
a(τ) =
2
κ(γ − 2)
{
ατ +
√
(ατ)2 + κ(γ − 2)
}
, (42)
R(τ) =
2κ(γ − 2)α2
[α2τ 2 + κ(γ − 2)]32
[
ατ +
√
(ατ)2 + κ(γ − 2)
] , (43)
where these are essentially same with those of Bose and Kar in Ref. [14]. In fact, the energy-
momentum tensors TM±± (or T
M
ττ ) are composed of the induced conformal matter density and
the dilaton part, however, they are exactly canceled, which is shown by direct calculation
of Eq. (33). So, Eqs. (26), (27), and (28) are exactly reproduced from Eqs. (33), (34),and
(35) without considering an anomalous transformation. Therefore, the dynamical evolution
of the back-reacted geometry in this cosmology is due to the quantum-mechanically induced
shear from Eq. (40). Our energy density is parted as a matter of convenience in two
contributions from the nonlocal effective action and some local ambiguity parts. In fact, the
split of energy momentum density is arbitrary so that the total energy momentum density
is in fact meaningful. And this null value can be changed by the addition of the classical
energy of the conformal fields or choosing the different boundary condition t±.
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FIG. 1. pf and pφ have not definite sign, however the total pressure p is negative definite.
As a comment, it is easily shown that for τ → −∞, a(τ) → − 1
ατ
and R →
(
2
−τ
)2
(superinflation phase). In the limit of far future, τ → +∞, a(τ) ∼ ατ and R ∼ 1
(τ)2
which
corresponds to the Milne universe (flat space-time). In the above analysis, the universe
keeps on accelerating expansion since a˙(τ) > 0 and a¨(τ) > 0 with the bounded curvature.
The expected decelerating phase [7] in the string cosmology does not appear even in the
Rey’s model [10].
If we assume the induced quantum matter as a perfect fluid, then the stress-energy-
momentum tensors are
TMµν = pgµν + (p+ ρ)uµuν, (44)
where uµ = (1, 0), and p and ρ are pressure and energy density, respectively. Then the only
nonvanishing tensor is the shear part and is written in the form of
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p =
1
a2
TMxx,
= − α
2κ2(γ − 2)2
2 [(ατ)2 + κ(γ − 2)] 32
[
ατ +
√
(ατ)2 + κ(γ − 2)
] . (45)
The matter and dilaton contribution to the pressure can be worked out separately, and then
they have not definite sign (see Fig.1). The pressure pf from the induced matter and pφ
from the induced dilaton part in Eq. (8) are explicitly given by
pf = κα
2
[
(ατ)2 + κ(γ − 2)
]− 3
2
[
−ατ + 1
2
√
(ατ)2 + κ(γ − 2)
]
, (46)
pφ = κα
2
[
(ατ)2 + κ(γ − 2)
]− 3
2
[
γ
2
ατ +
1− γ
2
√
(ατ)2 + κ(γ − 2)
]
. (47)
However, the total pressure is always negative definite and depends on time. Hence one can
state even though there is no total energy density as a source, the pressure of the radiation
fields (shear) by the quantum effect appears to make the curvature finite.
Now, it seems to be appropriate to discuss the positivity of κ. It might be possible
formally to take the negative limit N → −∞ to obtain the good approximation if one
restricts N < 24 like in Ref. [10]. However, there may be some reasons why we have taken
the physical condition N > 24 or κ > 0. Essentially it arises from the conformal field theory
and consistency condition of locally symmetric theory. First, from the conformal field theory
point of view, the central charge of matter field cmatter = N should be positive definite for
the unitary theory. In other words, in a nonunitary theory, the central charge is negative.
So the number N should be positive definite. As a second step, the gravitational field turn
on, the total central charge in our case is shifted by ctotal = cmatter + cghost + cgravity =
N −26+1+1−12κ = N −24−12κ. Up to this stage, κ is still arbitrary. The total central
charge should be zero in order to preserve the consistency of the theory, then κ = N−24
12
.
So the large κ or N limit can be possible when N > 24 as far as we take N > 0. On the
other hand, the restriction of N > 24 in our theory from the regularity of curvature scalar
also seems to be also awkward. This can be improved by adding the Strominger’s ghost
decoupling term [19] to the quantum effective action by using the regularization ambiguity,
then κ = N
12
is obtained. Therefore, neither N > 24 or N < 24 may be necessary.
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Two final remarks are in order. First, we did not consider the anomalous transfor-
mation or Schwartzian derivative between the two coordinates (conformal and comoving
coordinates). As easily seen from the results in the above two coordinates, there is no
anomalous transformation of stress-energy-momentum tensors in our cosmological model.
So the stress-energy-momentum tensors in the conformal gauge was transformed to the
comoving coordinate without any anomaly and result in the vanishing energy-momentum
tensors. This result is compatible with the direct calculations in the comoving coordinate.
So the integration ambiguity t±±(t) = 0 was maintained in the form tττ (τ) = txx(τ) = 0.
In the black hole case, the anomalous transformation of stress-energy-momentum tensors
was assumed to be canceled by the anomalous transformation of the integration ambiguity,
t±±(x
+, x−). Secondly, the covariant conservation of TMµν is spoiled by the local counter
term. In fact, since we are in the string-frame, the classical dilaton gravity part is not
purely geometrical on the contrary to the Einstein gravity in the four dimensions. So there
does not exist the covariant conservation of the matter part although the whole tensor
Gµν − TMµν = 0 is covariant. To make this explicit, by using the Eqs. (24) and (25), one
obtains ∇µT µ±M = 4κ(γ−2q)e−4φ∂∓φ∂±∂∓φ. Therefore, the stress-energy-momentum tensor
of induced quantum matter is not covariantly conserved unless γ = 2q. On the other hand,
we assumed q = γ − 1 for exact solvability. So the covariant conservation of matter part
and exact solubility of the closed form require (1, 2) called BPP model [15], however, the
curvature scalar is not bounded.
In summary, we have studied the superinflation of pre-big bang phase is smoothly con-
nected to flat universe in the large N limit in the CGHS model. As far as we are concerned
with the vacuum theory, there is neither energy nor momentum while the pressure (shear)
of the radiation field governs the universe in terms of the quantum back reaction in this
model.
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